We show that a unital U in PG(2, q 2 ) containing a point P, such that at least q 2 − ϵ of the secant lines through P intersect U in a Baer subline, is an ovoidal Buekenhout-Metz unital (where ϵ ≈ 2q for q even and ϵ ≈ q 3/2 /2 for q odd).
Preliminaries

Sublines and subplanes in the ABB-representation
A Baer subline in PG(1, q 2 ) is a set of q+1 points whose coordinates, with respect to three well-chosen distinct points, are in q . Similarly, a Baer subplane of PG(2, q 2 ) is a set of q 2 + q + 1 points whose coordinates with respect to a well-chosen frame are contained in q . The q 2 + q + 1 points of a Baer subplane in PG(2, q 2 ), together with the lines they induce, form a projective plane of order q. André [1] and Bruck and Bose [6] independently found a representation of translation planes of order q n , with kernel containing q , in the projective space PG(2n, q). We refer to this as the André/Bruck-Boserepresentation or the ABB-representation. In this paper, we restrict ourselves to the case n = 2.
Let S be a line spread in PG (3, q) . Embed PG(3, q) as a hyperplane H ∞ in PG (4, q) . Consider the following incidence structure A(S) with point set P and line set L, where incidence is natural: P: the affine points, i.e. the points of PG(4, q)\H ∞ , L: the planes of PG(4, q) intersecting H ∞ exactly in a line of S.
In [6] the authors showed that A(S) is an affine translation plane of order q 2 , and conversely, every such translation plane can be constructed in this way. The plane A(S) is a Desarguesian affine plane AG(2, q 2 ) if and only if the spread S is Desarguesian. The projective completion A(S) of the affine plane A(S) can be found by adding H ∞ as the line ℓ ∞ at infinity, where the lines of S correspond to the points of ℓ ∞ . Clearly, the projective completion A(S) is a Desarguesian projective plane PG(2, q 2 ) if and only if the spread S is Desarguesian.
In this paper, we fix a line ℓ ∞ at infinity of PG(2, q 2 ) and consider the ABB-representation with respect to this line. The hyperplane at infinity of PG (4, q) , corresponding to ℓ ∞ , is denoted by H ∞ and the Desarguesian spread defining PG(2, q 2 ) by D.
We call a Baer subline tangent (to ℓ ∞ ) if it has one point in common with ℓ ∞ , and external if it has no such intersection point. In the ABB-representation, tangent sublines of PG(2, q 2 ) are in one-to-one correspondence with lines of PG(4, q) intersecting H ∞ in exactly one point. An external subline corresponds to a non-degenerate conic of PG (4, q) , called a Baer conic, contained in a plane which meets H ∞ in a spread line of D, external to this conic. Note that, unless q = 2, not every conic is a Baer conic. Moreover, since any two distinct Baer sublines have at most two points in common, we also have that any two distinct Baer conics share at most 2 points.
A Baer subplane is called secant (to ℓ ∞ ) if it meets ℓ ∞ in q + 1 points, and tangent if it meets ℓ ∞ in one point. In the ABB-representation, secant subplanes are in one-to-one correspondence with planes of PG (4, q) intersecting H ∞ in a line not contained in D. A tangent Baer subplane corresponds to the point set of q + 1 disjoint lines, called generator lines, forming a ruled cubic surface, called a Baer ruled cubic. Such a Baer ruled cubic has a spread line T ∈ D as line directrix, where T is the line corresponding to the intersection point of the tangent Baer subplane with ℓ ∞ . As a base it has a Baer conic C in a plane disjoint from T. For each point of T, there is a unique generator line on the Baer ruled cubic through this point and a point of C. A plane through a line of D \ {T} intersects the Baer ruled cubic in a point or a Baer conic. For more information on the ABB-representation of sublines and subplanes of PG(2, q 2 ) we refer to [4] .
It is well-known that two distinct Baer sublines of PG(2, q 2 ) with a common point are contained in a unique Baer subplane. The following lemma, in terms of lines of PG(4, q) in the ABB-representation, can be deduced. 
Caps and ovoids in PG(3, q)
A k-cap in PG(3, q) is a set of k points no three of which are collinear. A k-cap is called complete if it is not contained in a (k + 1)-cap of PG (3, q) . It is well-known that a cap of PG(3, q), q > 2, contains at most q 2 + 1 points; a (q 2 + 1)-cap is also called an ovoid.
We need the following extendability results for caps in PG(3, q).
Theorem 2.2.
A cap in PG (3, q) , of size at least q 2 − δ, with δ and q satisfying the conditions of Table 2 , can be extended to an ovoid. Moreover, the following theorem shows that the ovoids obtained in the previous theorem are unique. 
Unitals in PG(2, q
2 )
Recall that a unital in PG(2, q 2 ) is a set of q 3 + 1 points such that every line meets U in 1 or q + 1 points. It is easy to see that a point P of U lies on exactly one tangent line to U and on q 2 lines meeting U in q + 1 points (including P). An ovoidal Buekenhout-Metz unital in PG(2, q 2 ) arises from the following construction; see [7] . Consider the ABB-representation in PG(4, q) of PG(2, q 2 ) with respect to the line ℓ ∞ , with line spread D of H ∞ corresponding to the points of ℓ ∞ . Let O be an ovoid in PG(4, q) intersecting H ∞ in a unique point A, such that the tangent plane of O at A does not contain the spread line T ∈ D incident with A. Let V be a point on T, V ̸ = A. Consider the ovoidal cone with vertex V and base O; this point set forms a unital U in PG(2, q 2 ). The line ℓ ∞ is the tangent line to U at the point P ∞ of ℓ ∞ , where P ∞ is the point corresponding to the spread line T. We call P ∞ the special point of the ovoidal Buekenhout-Metz unital U. Clearly, all secants to U at P ∞ are Baer secants.
All known unitals in PG(2, q 2 ), including the classical unital, arise as ovoidal Buekenhout-Metz unitals. Moreover, every unital in PG(2, q 2 ), with q = 2, 3, 4, corresponds to an ovoidal Buekenhout-Metz unital, see [3; 14] . For q > 4, the classification of unitals is an open problem.
Unitals with a point lying on many Baer secants
In this section, we prove our main theorem. We need the following lemma which can be shown by a simple counting argument. A Baer subplane secant to ℓ ∞ meets a unital in PG(2, q 2 ) (where the unital has ℓ ∞ as a tangent line) in at most 2q + 1 points.
Throughout this paper, we use the following notation and conventions for a given unital U of PG(2, q 2 ). Let U be a unital in PG(2, q 2 ) containing a point P ∞ such that a set of at least q 2 − ϵ, ϵ ≤ q 2 , of the (q + 1)-secants through P ∞ are Baer secants. Say ℓ ∞ is the tangent line of U at P ∞ and consider the ABBrepresentation of PG(2, q 2 ), where the points of ℓ ∞ correspond to the Desarguesian spread D of the hyperplane H ∞ of PG (4, q) . By abuse of notation, we write U aff for both the points of U \ {P ∞ } in PG(2, q 2 ) and for the corresponding affine point set in PG(4, q).
Suppose P ∞ corresponds to the spread line T of D. Let L be the set of q 2 −ϵ lines in PG(4, q) corresponding to Baer secants through P ∞ . Every line of L intersects H ∞ in a point of T. Note that any plane intersecting H ∞ in T contains exactly q points of U aff .
Given a unital U and its corresponding line set L, we consider a set S(U) in the plane Π = PG(4, q)/T, consisting of points with labels, induced by the lines of L. This point set is defined as follows.
Definition. Consider the quotient space Π = PG(4, q)/T, isomorphic to PG(2, q), and let v 1 , . . . , v q+1 be the points of T. The points of S(U) are the points of Π corresponding to the planes through T which contain a line of L. We label a point R of S(U) with v j , if the line of L in the plane ⟨T, R⟩ goes through v j .
Lemma 3.2. The set S(U) is a point set in AG(2, q) such that each point has exactly one label. Moreover, S(U) has the property that if a point Q of S(U) lies on a line of AG(2, q) containing two points of S(U) with the same label v, then Q also has label v.
Proof. First note that the points of S(U) are contained in an affine plane of Π = PG(4, q)/T, since H ∞ /T is a line in Π and since no plane through T in H ∞ contains a line of L. Each point of S(U) has exactly one label, as a plane through T contains at most one line of L. If a line m in Π contains two points of S(U) with the same label, say v k , then the 3-space ⟨T, m⟩ contains two lines ℓ 1 , ℓ 2 of L through the point v k . Suppose that there is a point of S(U) on the line m with label v j , j ̸ = k. This implies that there is a line of L, say ℓ 3 , through v j , contained in ⟨T, m⟩. Thus the line ℓ 3 meets the plane ⟨ℓ 1 , ℓ 2 ⟩ in an affine point, which means that the secant subplane defined by ℓ 1 , ℓ 2 contains 2q + 2 points; this is a contradiction by Lemma 3.1.
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Next, we show that the configuration of points of S(U) satisfies one of three conditions. 
Proof. First, make the following two observations. Suppose that there is a label v appearing q + 2 times or more. Take a point P ∈ S; then at least one line through P contains at least two points of S with label v. Hence the point P also has label v, thus all points of S have label v. We find that S has configuration (i).
Suppose that there is a label v such that q points of S v lie on a line L. If S does not have configuration (i), then one can check that no other point of S has label v. Moreover, if another label appears at least two times, then the line spanned by the corresponding points must be parallel to L. Hence any label appears at most q times. There is a subset V * ⊆ V containing at least q − k labels such that every label appears at least twice; otherwise, there would be at most
There are at most k + 1 points having a label appearing only once. The subset S * ⊆ S of points having a label in V * has size at least
Hence S has the configuration described in (iii). Now, there exists a label v occurring at least q−k times: otherwise, there would be at most (q+1)(q−k−1) = q 2 − kq − k − 1 < q 2 − kq points in S. Suppose that there are three non-collinear points in S v . Choose a point P 1 ∈ S v and consider the set Z of all lines containing P 1 and another point of S v . Every line of Z can only contain points with label v. Consider the set Z ⊆ Z of all lines of Z that contain at most k points of S different from P 1 ; suppose |Z | = x. Hence the lines of Z each contain at least q − k − 1 affine points not in S. Since the lines of Z contain at most all kq points not in S, we see that
However, the upper bound for the number of points of S v , different from P 1 , covered by the lines of Z is equal to xk. We see that
Moreover, when k < √q − 1, we have
As there are at least q − k − 1 points in S v , different from P 1 , there exists a point P 2 ∈ S v not on a line of Z . Hence the line P 1 P 2 contains at least k + 1 points of S, different from P 1 . Consider a point P 3 ∈ S v , but not on P 1 P 2 . There are at least k + 2 lines through P 3 and a point of S ∩ P 1 P 2 containing only points of S with label v. These lines cover at least 1 + (k + 2)(q − 1) − kq = 2q − k − 1 ≥ q + 2 points of S, when k < √q − 1 and q > 2. Since the label v appears at least q + 2 times, it follows that all points of S have label v, hence S has configuration (i).
We can now assume that if a label v appears at least q−k times, then the points of S v lie on a line. Moreover, since q points with a fixed label on a line imply configuration (i) or (iii), we can assume that |S v | < q for all v ∈ V. We can count that there are at least two labels v 1 and v 2 each occurring at least q − k times, since otherwise there would be at most 1(q − 1) + q(q − k − 1) = q 2 − kq − 1 < q 2 − kq points in S. Consider the lines L 1 and L 2 containing all points of S v 1 and S v 2 respectively.
If L 1 and L 2 intersect in an affine point Q, then S has configuration (ii). Now suppose that L 1 and L 2 are parallel, i.e. their projective completions intersect in a point Q ∞ at infinity. There are at least q − k + 1 labels occurring at least twice, since otherwise there would be at most (q − k)(q − 1) + (k + 1)1 = q 2 − kq − q + 2k + 1 < q 2 − kq points in S. A line spanned by two points with the same label (different from v 1 and v 2 ) must intersect both lines L i in a point not in S. However, the line L i , i = 1, 2, contains at most k affine points not in S. Hence there are at most k 2 lines intersecting both lines L i , i = 1, 2, not in Q ∞ and not in a point of S. This means that, of all the labels appearing at least twice, there are at most k 2 labels such that two points with the same label do not necessarily span a line containing Q ∞ . Hence there is a subset V * ⊆ V of at least q − k 2 − k + 1 labels occurring at least twice such that points with the same label do lie on a line containing Q ∞ .
It follows that there are at most k 2 + k − 1 affine lines through Q ∞ such that the points of S on such a line do not have the same label. However, there are at most (q + 1) − (q − k 2 − k + 1) = k 2 + k labels that could occur this way. Hence at most (k 2 + k − 1)(k 2 + k) points of S have the property that a line spanned by two points with the same label does not necessarily contain Q ∞ . It follows that there is a subset S * ⊆ S of at least q 2 
points, having the property that a line spanned by two points with the same label does contain Q ∞ , i.e. they have a label in V * . This means that S has configuration (iii).
The following three lemmas will show that the affine point set S(U), defined by the unital U, satisfies the first configuration of Lemma 3.3.
The subset of S(U) containing all points with label v i is denoted by S v i (U). There are at most k + 1 lines, say n 1 , . . . , n k+1 , of α through v 1 which do not occur as the intersection ⟨ℓ i , ℓ j ⟩ ∩ α, where ℓ i , ℓ j are lines of L through v 1 in the three-space Σ 1 . Similarly, there are at most k + 1 lines n 1 , . . . , n k+1 of α through v 2 which do not occur as the intersection ⟨ℓ i , ℓ j ⟩ ∩ α, where ℓ i , ℓ j are lines of L through v 2 in the three-space Σ 2 .
Proof. Suppose that S(U) is of the form (ii) of
Suppose that a point of U in α lies on a plane ⟨ℓ i , ℓ j ⟩, where ℓ i , ℓ j are lines of L through the same point of T. Then the secant subplane defined by ℓ i , ℓ j contains 2q + 2 points of U; this is a contradiction by Lemma 3.1. This implies that each of the q points of U in α necessarily lies on one of the lines n 1 , . . . , n k+1 and on one of the lines n 1 , . . . , n k+1 . However, there are only (k + 1) 2 such points and q > (k + 1) 2 ; this is a contradiction. 2 Consider a Baer subplane π of PG(2, q 2 ) containing the point P ∞ . It is clear that π/P ∞ defines a Baer subline in the quotient space PG(2, q 2 )/P ∞ . This can be translated to the ABB-representation in the following way. Recall that a Baer subplane π, tangent to ℓ ∞ at P ∞ , corresponds to a Baer ruled cubic B with line directrix T. We see that B/T defines a Baer conic in the quotient space PG(4, q)/T. Proof. Consider S(U) as described in Lemma 3.3 Case (iii), with point Q ∞ at infinity. There is a subset S * (U) ⊆ S(U) of at least q 2 − kq − (k 2 + k)(k 2 + k − 1) − 1 points of S(U), such that points of S * (U) with the same label lie on an affine line containing the point Q ∞ .
Choose a point R ∈ S * (U) having label v; this label v occurs at most q times. Hence there are at least
, not with label v. We call these points good points. The affine points which are not good are called bad points.
Consider the line ℓ ∈ L defined by R. We want to find a Baer ruled cubic, containing ℓ, such that the corresponding Baer conic in PG(4, q)/T contains at least ⌊ q+7 2 ⌋ points of S * (U). Since such a conic always contains R ∈ S * (U), we want to find a conic with at least ⌊ q+5 2 ⌋ good points and at most ⌈ q−3 2 ⌉ bad points (one of which is R).
Consider a good point R 1 and its corresponding line ℓ 1 ∈ L. As all good points have a label different from v, the points R 1 and R have different labels. Hence the lines ℓ and ℓ 1 intersect T in a distinct point, so they are contained in a unique Baer ruled cubic (by Lemma 2.1). Consider the corresponding Baer conic C 1 in PG(4, q)/T. If the conic C 1 contains at least ⌊ q+5 2 ⌋ good points, the result follows. Now suppose that C 1 contains at most ⌊ q+3 2 ⌋ good points. Then there are at least
2 good points that do not belong to C 1 . Since q ≥ 4(k + 1) 2 , this number is greater than zero.
Hence we can find a good point R 2 that does not lie on C 1 . The point R 2 defines a line ℓ 2 of L. Again, we know that the lines ℓ and ℓ 2 intersect T in a different point. Take the Baer ruled cubic defined by ℓ and ℓ 2 , and consider the corresponding Baer conic C 2 in PG(4, q)/T. Recall that two distinct Baer conics intersect in at most two points, hence C 2 meets C 1 in R and in at most one other point. If the conic C 2 contains at least ⌊ q+5 2 ⌋ good points, the result follows. So suppose that at most ⌊ q+3 2 ⌋ points of C 2 are good points.
2 > 0, we can find a good point R 3 , not contained in C 1 ∪ C 2 . Applying the same reasoning to R 3 , we find a new Baer ruled cubic containing ℓ. The corresponding Baer conic C 3 contains R and R 3 and is different from both C 1 and C 2 . Thus C 3 meets both in at most 1 point different from R.
Continuing this reasoning, suppose we have m = 2k 2 + 4 Baer conics C 1 , . . . , C m through R, each containing at most ⌊ q+3 2 ⌋ good points. Then there are still at least
good points not contained in one of the conics C i , i = 1, . . . , m. We obtain the parabola
with largest root equal to
there is at least one good point not on C 1 ∪ ⋅ ⋅ ⋅ ∪ C m , say R m+1 . Consider the line ℓ m+1 ∈ L corresponding to R m+1 . The Baer ruled cubic B defined by ℓ and ℓ m+1 induces a Baer conic C m+1 in PG(4, q)/T. There are at most 
bad points contained in C m+1 . To check that this number is strictly smaller than q−1 2 , we find the inequality
This is equivalent to
which is valid when q ≥ 16, since
This means that the Baer ruled cubic B has at most ⌈ Proof. Suppose that S(U) has the form (iii) of Lemma 3.3 with point Q ∞ at infinity. Let ℓ 1 and ℓ 2 be the lines of L defining the Baer ruled cubic B of Lemma 3.5. A tangent subplane contains (at most) 2q + 2 points of U, hence B contains (at most) one point of U aff not on ℓ 1 and ℓ 2 . Let μ be a plane (necessarily skew from T) containing a Baer conic C contained in B. We can identify PG(4, q)/T with μ, and so the intersection points of U ∩ B define the points R 1 , R 2 in C (corresponding to ℓ 1 and ℓ 2 respectively) and at most one extra point R in C.
By Lemma 3.5 there are at least ⌊ q+7 2 ⌋ points of the Baer conic C contained in S * (U), that is, two points of S * (U) with the same label lie on a line containing Q ∞ . Hence we find at least two lines L A and L B through Q ∞ , each intersecting C in two points with the same label. At most one of these lines, say L B , contains the point R. Hence L A intersects C \ {R} in two points Q 1 , Q 2 , having the same label v. The points Q 1 and Q 2 are each contained in a generator line of the Baer ruled cubic, say n 1 and n 2 . Since Q 1 and Q 2 are different from R, for i = 1, 2, the line n i either has no affine intersection point with the lines of L or is equal to ℓ 1 or ℓ 2 .
Both points Q i , i = 1, 2, have label v, hence the planes ⟨T, n i ⟩, i = 1, 2, each contain a line of L through v, say ℓ k 1 and ℓ k 2 respectively. Since the line n i is either equal to ℓ k i or does not have an affine intersection point with ℓ k i , the lines n 1 and n 2 have to meet T in v. This implies that we find two generator lines of the same Baer ruled cubic having a point in common; this contradiction to the definition of a ruled cubic surface concludes the proof.
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As a combination of previous lemma's, we find that S(U) satisfies configuration (i) of Lemma 3.3. We show that in this case, the points of U on the q 2 −ϵ Baer secants are contained in a unique unital, namely an ovoidal Buekenhout-Metz unital. This leads to the conclusion that U is an ovoidal Buekenhout-Metz unital.
First, we prove that q 2 − ϵ Baer secants of an ovoidal Buekenhout-Metz unital are never contained in any other unital. We need the definition of an O'Nan configuration: this is a collection of four distinct lines meeting in six distinct points, as illustrated in the following picture.
It is known that an ovoidal Buekenhout-Metz unital contains no O'Nan configurations through its special point. A simple proof of this can be found in the proof of [4, Lemma 7.42 ].
We call a line of PG(2, q 2 ) which is secant to a unital U a U -secant. Proof. We show that the result holds when ϵ = (q − 1)q/2; then the result easily follows for all ϵ ≤ (q − 1)q/2. Consider the set U 0 consisting of all points contained in U , but not on one of the U -secants L i , i = 1, . . . , ϵ. By assumption all these points are contained in U ∩ U . Recall that for every unitalŨ, a point ofŨ lies on q 2Ũ -secants and a point not onŨ lies on only q 2 − qŨ-secants. This means, if a point Q lies on strictly more than q 2 − q lines intersecting U 0 in at least two points, then Q is contained in any unital containing all points of U 0 . Hence, in that case, Q is contained in U ∩ U .
Consider a point R ∈ U \U 0 and let L 1 = P ∞ R. We prove that there are at most q − 2 U -secants M j , containing R but different from L 1 , having at most 1 point in common with U 0 . If that is the case, then there are at least q 2 − q + 1 U -secants through R containing at least two points of U 0 , and hence the point R is contained in U ∩ U .
Consider a U -secant M 1 , different from L 1 , containing R and (at most) 1 point of U 0 . This line intersects
Take a U -secant M 2 through R, different from L 1 and M 1 , containing at most 1 point of U 0 . Since U contains no O'Nan configurations through the point P ∞ , there is at most one U -secant
With the same reasoning as above,
If there are at most q − 2 U -secants M j , containing R and having 0 or 1 points in common with U 0 , the result follows. Otherwise, by continuing this process, the U -secant M q−1 intersects at least q − (q − 1) = 1 of the U -secants L i , different from the previously enumerated lines L 1 , . . . , L m . We have found m + 1 distinct U -secants L j where
This is in contradiction with the restriction on the number of U -secants L j , since
We have proved that there are at most q − 2 U -secants through R containing 0 or 1 points of U 0 . Hence the point R is contained in U ∩ U . It follows that all points R ∈ U are contained in U ∩ U , which proves the result. Proof. When q and ϵ satisfy the conditions of Table 1 , we have q ≥ 16 and ϵ ≤ min(δ + 1, √qq/2 − 2q) with q and δ satisfying the conditions of Table 2 . Consider the set S(U) defined by the Baer secants to U at P ∞ . By Lemma 3.2, this set satisfies the conditions of Lemma 3.3. Hence, since q > 2 and ϵ < (√q − 1)q, the set S(U) has one of the three configurations of Lemma 3.3. By Lemma 3.4 (for q > 2 and ϵ < (√q − 1)q) and Lemma 3.6 (for q ≥ 16 and ϵ ≤ √qq/2 − 2q), only the first configuration is possible. Since ϵ ≤ δ + 1, Lemma 3.8 implies that U is an ovoidal Buekenhout-Metz unital.
Combining the Main Theorem with Theorem 1.2, we obtain the following corollary.
Corollary 3.9. Suppose that q and ϵ satisfy the conditions of Table 1 . Let U be a unital in PG(2, q 2 ). If there is a point P ∞ in U that lies on at least q 2 − ϵ Baer secants and if there exists a Baer secant of U not through P ∞ , then U is a classical unital.
Funding:
The second author is a postdoctoral fellow of the Research Foundation Flanders (FWO -Vlaanderen).
